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RATIONAL ERGODICITY AND A METRIC
INVARIANT FOR MARKOV SHIFTS

BY
JON AARONSON

ABSTRACT

The concept of rational ergodicity is introduced and used to construct a metric
invariant for the class of rationally ergodic transformations (which includes all
ergodic Markov shifts).

§0. Introduction

We study invertible ergodic measure preserving transformations (i.e.m.p.t.s)
of o-finite (usually infinite) measure spaces; (the assumption of invertibility,
made for conciseness, is not essential, except in §6).

Rational ergodicity is a ratio limit property. We discuss various ratio limit
properties of i.e.m.p.t.s in §1, before defining: ‘“‘weak rational ergodicity’” and
“rational ergodicity’’, and the ‘‘return sequence” and ‘‘asymptotic type” as-
sociated with a rationally ergodic transformation.

In §2, we define some metric relationships between m.p.t.s. Asymptotic type is
a metric invariant for rationally ergodic transformations, which, when restricted
to ergodic Markov shifts (shown to be rationally ergodic in §3), refines the metric
invariants of Rudolfer ([23]).

We combine the concepts of return sequence and entropy (introduced by
Krengel in [18]) to construct, in §4, a still finer metric invariant (normalised
asymptotic type) for rationally ergodic transformations. We construct an un-
countable collection of ergodic Markov shifts (preserving infinite measure), with
the same asymptotic type, but different normalised asymptotic types. When
restricted to e.m.p.t.s of finite measure spaces: normalised asymptotic type boils
down to Kolmogorov-Sinai entropy (cf. [3]).

In §5, we study the metric theory of random walks on the integers, in terms of
their jump distributions. We construct an uncountable collection of dissimilar,
ergodic random walks. This collection could be separated by the invariants of
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Rudolfer. We also prove that the variances of the jump distributions of two
similar (see §2) ergodic random walks are simultaneously finite or infinite, for
this we need the concept of asymptotic type.

We examine in §6 other ratio limit properties of i.e.m.p.t.s, which, although
not relevant to the development of the results of earlier sections, may be of
interest in themselves.

This work was done at the Hebrew University of Jerusalem under the
supervision of Prof. Benjamin Weiss, to whom the author is most grateful for
helpful conversations, excellent supervision and much encouragement.

§1. Rational ergodicity and other ratio limit properties

Let (X, %, u, T)beaniem.p.t. with u(X)sw. Let F={A ER:0<pu(A)<
o} and, for AEZ let: BNA={BEB:BCA}, a.(A)=a.(AT)=
i (A N T A).

If u(X)< then the ergodic theorem implies that
(L) Y u(BNT*C)~ nﬂ%%g asn—» VBCEZ

k=0

This, in turn, implies that

w(ANT*B)

<

p(A)p(B)
w(CNT*D) " pw(C)u (D) VA,B,CD

(12) :

—a condition that can at least be stated when u(X) =, even though in this
case (by the ergodic theorem)

s

(1.3) w(BNT*C)=o0(n) asn-ox,

k

0

In fact, as will be proven in §6, a necessary condition for (1.2) is that pu (X) <o,
Nevertheless, we look for properties with the flavour of (1.2), but which are
satisfied by some i.e.m.p.t. of an infinite measure space.

One such property is

(1.4) 2 w(ANT™B) LAMB) i cDpeg
S pcntrpy " HOKD) .B.C,

where € is pw-dense in F.



Vol. 27, 1977 MARKOV SHIFTS 95

We will see in §6 that every i.e.m.p.t. of a separable space satisfies (1.4) for
many different p-dense subcollections € of &.
In this section, we will examine the property

S w(B N TC) pBrl)  ypcegna

1
) @& = a(A)

which will be seen in Proposition 1.1 to imply a stronger version of (1.4).
It is evident that (1.5) is a property of the set A € ¥ and, accordingly, we let
R(T) denote the collection of sets in & satisfying (1.5).

ProposiTION 1.1, Let T be an i.e.m.p.t. and let A € F, then the following are
equivalent:
() AER(T),

" S & p(B)u(C)
(ii) kzop(BﬂT C) — W (AY
(1.6)
VB,CE %, = U%HUT"A
oy lIm ko BB (C)
(111) x<—ua (A)E /‘L(BnT C) “(A)Z
(1.7) VB,Ce%

Proor. (i) = (ii). Let B,C € %, and write

M N
= |J B: (disj), C= U G (disj)  where T*B,, T'C. C A.
k=0 =0

Now, Vk, !
an(A 2 (B N T"C,)—a"(A 2 T*B, N T **(T'C)))
1t K . p(B)u(G)
= B.NT (T
a(A) 2 MT BN T IO — > E 05
" "T*B, T'G C A.
Hence

1 n 4 _ M N )
(A2 HBNTIC)=2 5 (A)E w(B.NTC)

=0 1=0

S X 4B (G) _ p(B)u(C)
ZO,ZO n(A) p(AY
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(ii) = (iii). Let B, C € &. Since T is ergodic, and u(A)>0, U7, T"A =X
{(mod p) and so: Ve >0 IAB, C.€ ¥, st. B.CB, C.CC and pu(B)>
u(B)—¢, p(C> u(C)—e. Hence

n

lim—— 2 g(BNT*C)ztlim

R ,,(A) fim "(A)E: p(BLNT™CY

~eBIC) wB)-e)u(C)—e)
p(AY u(AY

(iii) = (). Let B € B N A, then

c>0.

}.l_r:: an (A

N —k >M§)
2: w(BNT A)zﬂ(A)

and

— 1
lim (A)E,u(BnTkA)-pnm (A)E“((A B)NT™A)

n—= q, now An
_p(A-B)_ u(B)
r(A)  u(A)
i.e.
1 & . «(B)
(1.8) a,.(A)Z p(BNTHA)— (A VBEBNA.

Now let B,C € & N A, then

e o (B (C)
b2, # (B 1 T0) = BT

and

1 k
ma(A)Z 2 (BN T C)

1 k
ma(A)E p(BNT ™ A)~-lim (A)Z w(BNT*(A-C))

n-—»0 'I

- #g))"l‘iil an(A)nZo w(BNT™*(A-C) by (18)
<£(B) pBuA=-C)_ uBu(C)
T r(A) n(AY n(A)y QED

We note that theorem 3.2 in [7] (Foguel and Lin), when restricted to e.m.p.t.s,
is equivalent to
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(1.9 A €ER(T) iff A satisfies (1.8).
If A, B € R(T) then a double application of (1.7) yields that

w(B)  w(BY
(1.19) an(A) o w(A )

We are now in a position to show that T ergodic does not imply that R(T) # &.
ExamrLE 1.2—an ie.m.p.t. T with R(T)=O.

In [9], Hajian, Ito and Kakutani constructed an i.e.m.p.t. (X, B, u, T) together
with an invertible measurable transformation Q: X — X with the properties
that (i) QT = TQ, (ii)) uQ = ap (a#1). Now, if A € R(T), then, by the
invertibility of Q, QA € R(T) and

_2 wQANTTA) | 0a) w(QAY

a(A)  ne=" p(A)

. = a? by (1.10).
~k
;umnrlm

This contradicts a# 1 and so R(T)=J.

We will say that T is weakly rationally ergodic (w.r.e.) iff T is ergodic and
R(T)#J. Now, if T is w.r.e. then, by (1.10), there are sequences {a.(T)}n-
such that

(1.11) @AT) Ay VAER(T),
a.(T)

We will call any sequence {a.(T)} satisfying (1.10) a return sequence of T
(return sequence, because a.(A, T) measures the expected number of times
points of A return to A under T before time n when u(A)=1).

We denote by &(T) the class of sequences {{b.}n-1: bn/an(T)—>n-.c for
some ¢ € (0,%), and some return sequence {a,(T)}}.

The object &£ (T) will be called the asymptotic type of T. We reserve the right
to abuse our notation in the following way: T will be said to be of asymptotic type
{f(n)}. if f(n)/a.(T)— ¢ € (0,») for some return sequence {a,(T)}, and this will
be written: H(T)={f(n)} (e.g. if u(X) < then by (1.1): H(T)={n}).

The property (1.5) could be viewed as a “‘weak L' ergodic theoremon A € %~
since by (1.9): A € R(T) iff

—172 _n:-)u—(lA_) weakly in L'(A).
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Analogously, “strong L° ergodic theorems” could be considered. We will
study these in a future publication. Here, we consider a condition that would be
implied by a “strong L? ergodic theorem on A™:

1 " 2
1.12) supL (a"(A)Z] XAoT*) du <.

nzl

If T is ergodic and there is an A € F satisfying (1.12), we will say that T is
rationally ergodic (r.e.); and the collection of sets A satisfying (1.12) will be
denoted by B(T). To justify the choice of name we show that rational ergodicity
is indeed stronger than weak rational ergodicity.

First, the notion of an induced transformation (Kakutani [12]) is recalled. Let
T be a conservative m.p.t. and let A € % For

n-1
(1.13) xEANT"A- U T*A (where n=1):
k=1

Let Tax=T"x then ([12]) Ta: A > A and (A, B N A, pa, Ta)is am.p.t,, and an
Le.m.p.t. if T is an i.e.m.p.t.

LemMma 1.3. Let T be an ie.m.p.t. and let A € %, then VB,CE€ B N A and
nzl

(1.14) 2 W(TABAT™C) - E wW(BAT™C)| =u(A).

Proor. We prove the lemma for T~'. Noting that ys(T*x}=0 VBC A
whenever T*x# T’x for all j =1, we see that for every x € A, and n 21,
Jk.(x) such that

k,(x)

(1.15) > xs(T*x)= D xs(Tax) forevery x€EA, BERBNA.
k=0 1=0

Hence for every x€EA, BEBNA

n k,(x)

> xran(Tx)= 2 xras(Thx)

k=0 1=0

k,(x)+1

,21 xs(T'ax)

k,(x)

. xo(Thx) + xa(T%"'%) = xa(x)

= xa(T*x)+ xa (T 'x) — x5 (x).
k=0
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Thus

n

2 xras(Tx) - '20 xs(T"x)

(1.16)

=1 for every BEBNA, x € A.
Integrating (1.16) on C € B N A, we obtain

(1.17)

“TIBNC)- Y p(T*BN C)! < u(C)

su(A)for BCEBNA nz1.

Now, (1.17) and the assumption that T is an i.e.m.p.t. yield

JBATC)- S w(BN T"C).
k=0

=u(A) forevery BCEBNA, nz1l.
This is (1.14) for T™". Q.E.D.
THEOREM 1.4. Let T be an i.em.p.t. If T is r.e. then T is w.r.e.

Proor. We prove that B(T)CR(T). Let A€B(T), and ¢,=
(1/a.(A))Zr-o xa o T*; then

¢, ELY(A) nzl
and
(1.19) |l =M nz=l.

It is a well known property of Hilbert spaces that (1.19) is sufficient for every
subsequence of {¢.} to have a subsequence weakly convergent in L*(A) (a
Hilbert space).

Now, if ¢., = ¢ weakly in L*(A), then by (1.14) ¢ o T, = ¢ a.e., and hence, by
the ergodicity of T. and the fact that [.d.du =1Vn, ¢ =1/u(A) a.e. This
means that every subsequence of {¢.} has a subsequence converging to 1/u(A)
in *(A)—i.e. ¢, —>1/u(A) weakly in L*(A) as n— ., In particular

E w(BNT" *A)——w’ﬂ—l VBE BN A.

(1.20) S,

a,.(A)

The same argument applies to T7', so, since T is an m.p.t.,

(1.21) an(lA)k: *B)—ﬂ:‘i(zl) VBE SN A.



100 J. AARONSON Israel J. Math.

Now choose any C € B N A and let ¢, = (1/a.(A))Zr-oxco T then [ [, =
#.]:=M, n=1 and an argument similar to that leading to (1.20) (combined
with (1.21)) shows that

¥n (5] weakly in L*(A).

n—x ,LL(A )2
In particular
L3 . (B)u(C)
nNT* I c .
an(A);)p(B €) s “(A)z VBCERBNA

Q.E.D.

Attention will henceforth be confined to rationally ergodic m.p.t.s (r.e.m.p.t.s)
since the author knows of no w.r.e.m.p.t. that is not r.e.

Advantages of r.e. over w.r.e. will become evident in the next section, where

we will define some metric relations between m.p.t.s, and show that the
asymptotic type of r.e.m.p.t.s is invariant for all of them.

§2. Isomorphisms and other metric relations

Let (X, B, u, T)and (X', B', n’, Ty be m.p.t.s. Let 0 < ¢ <. We will say that
misac-map of Tonto T' (m: T—— T')iff w: X — X' is a map (defined u-a.e.)
st.7 ' B CRB,ueom ' =cu'and 7T = T’ 1, in addition, = is invertible (i.e. 7
is one to one where defined and 77'%B'= &), then we will say that « is an
invertible c-map of T onto T' (7: T < T’). (Note that if m: T «—> T’ then

7 T EST)

We say that T" is a c-factor of T (T~ T') iff there is a c-map of T onto T”;
and that T’ is a factor of T (T — T') if T— T’ for some c¢ € (0, ).

It is necessary to introduce the constant ¢ because the measure spaces are not
normalised. If u(X), p'(X')<~ and T- T’ then ¢ = w(X)/u(X'"). When
w(X), u'(X')==, there is no such a priori restriction on the values of ¢ for
which T T".

We say that Tis similarto T' (T ~ T')iff T and T’ are both factors of the same
m.p.t.

All transformations preserving finite measures are pairwise similar since any
two of them are both factors of their Cartesian product. It is comparatively rare
that transformations preserving o« measure are similar. We do not know if
similarity is an equivalence relation.

If T> T and T'— T then we say that T is weakly isomorphic with T’
(T=T).
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If there is an invertible c-map of T onto T’ for some ¢ € (0, ) then we say
that T is isomorphic with T'(T & T'). Clearly

2.1 ToeT'>T=T=>T->T>T~T.
Now let T be an e.m.p.t. and T’ be a r.e.m.p.t. Assume 7: T—> T', then

2.2) 7 'B(T'YC B(T) and, hence, T is r.e.

Moreover, let A € B(T'); then

(2.3) a.(T) _a.(AT) _ a(n'AT) y('n'"A)zzc
' a.(T)  p'(AYa.(T) cpn'(AYa.(T) = cun'(AY

by (1.11), and since
a.(m'AT)= Y u(m (ANT™A)) = ca.(A T).
k=1

Now from (2.3) it follows that
24) A(T)=A(T")
and

IfTisane.m.p.t., T' arem.p.t. and T — T’ then
2.5)
31 cE€(0,°) 5. T— T

We note, in order to obtain analagous results for T’ w.r.e., we would either
have to assume that 7: T «— T’ or that T is also w.r.e.

Moreover, we do not know if the asymptotic types of similar w.r.e.m.p.t.s
coincide.

The rest of this section is devoted to showing that two similar r.e.m.p.t.s do
have the same asymptotic type.

The next three results are technical, and show that (for the purpose of
calculating asymptotic type) two similar r.e.m.p.t.s can be considered as factors
of one e.m.p.t.

Let (X, B, u, T) be an invertible m.p.t. By an ergodic decomposition of T is
meant a probability space (2,3, P) and a collection of measures {g.,}.eca such
that for every countable ring 2 C ¥ IQa €3 s.t. P(la) =1 and

2.6) i is a measure on (X, R) Vo € (g,
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(X, B., n., T)—denoted by T,—is an e.m.p.t. (where

2.7
@7) AB. is the w,-completion of R),
VA € R: p.(A) is a measurable function of w and
(2.8)
|| btarp@ = ua),
and
2.9 o (X)>0 Vo € Qa.

We will denote the above ergodic decomposition of T by (Q, 3, P, {u.}).

THeorem 2.1 [22]. If (X, B, u, T) is a m.p.t.; (X, B, n) is a Lebesgue space
i.e. is generated by a countable ring R which separates points (see [21]) and
w(X)=1: then there is an ergodic decomposition of T

Q,3, P,{u.}) such that u.(x)=1 VYo €.
The following seems to be well known:

ProrosiTiON 2.2. Let (X, B, u, T) beanm.p.t, u(X)=1andlet € CRB be a
countably generated, T-invariant o-algebra such that (X, €, u, T) is ergodic. If
(Q, 2, P,{w.}) is an ergodic decomposition of T s.t. pu.(X)=1 Vo, then 3Q'CQ
s.t. P(Q)=1 and s.t.

(2.10) 1 (C)= p(CNw €Y, CE &.

Lemma 2.3. Let (X, %B,u, T) be an invertible m.p.t. (u(X)=») and let
(X, B, n) be a Lebesgue space. Let € C B be a o-finite, countably generated
T-invariant o-algebra s.t. (X, 6, pu, T) is ergodic then:

(i) 3 an ergodic decomposition for T.

(i) If (Q,3, P,{u.}) is an ergodic decomposition for T then 3 c: Q1 — (0, )
measurable, ' C Q) s.t. P(QV)=1 such that

@.11) VCEE, w €N 1(C)= c(w)p(C).

Proor. (i) is theorem 6.1 of [18].

(ii) Choose C € 4, then (Q,2,P,{u.}) is an ergodic decomposition for
(C, B NC, pe T and ¢(w) = p,(C) is a measurable function from € into (0, ).
Let dP = cdP/u(C) then (Q, 3, P,{(1/c(w))u.}) is an ergodic composition for
(C,BNC pe T s.t. w.(C)/c(w)=1 Vo. Hence by Proposition 2.2:
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aves, P)=1st LB A yicone  Lew
c(w) u(C)

2.12) ie. u(a)==19) Ay vacenc weq.
n(C)
Now, as CE€: Ui, T"C=X mod pu and so (2.12) extends under
T-iteration to €.

THEOREM 2.4. Let T, and T. be similar r.e.m.p.t.s, then
A(T) = A(T>).

Proor. Let T be an invertible m.p.t. and assume 7,: T— Ty and 7r2: T — T.
For i =1,2 choose A, € B(T) and let a, ={A, A%. Let X, ={{xa,°T"(x):
n €17} x € X,}, B, = the o-algebra generated by Vi-_. T7a, (Note that sets in
%, are subsets of X,), . = p. | 4 and T, = the shift on X,

Furthermore, let ao=m:'a;vmi'as={A,—A, A/ NA, A,-A,
(A;UA,}={B,, B, B;, B)} where A, =7'A, (i=1,2).

Let Xo={{Z!ixs, o T"(x); n €EZ}:x € X}, Bo = the o-algebra generated by
Vi . T aq, fio= p |4, and T, the shift on X,.

Then, fori =0,1,2 (X'., R, fi,) are Lebesgue spaces, and the following diagram
represents the relationship between the above transformations:

d .
T S
Tt1/ ! A/'T1
7 . A o)
L
AN .
T[z “2
\T id }A
2 T2

Moreover, T, and T, are r.e.m.p.t.s. Thus, by (2.5)
(2.13) AT)=oAT) ((i=12).

Now, by Lemma 2.3 (i) 3 an ergodic decomposition ({1, %, P,{u.}) for T\. Now,
#7'®, (i =1,2) are countably generated, T,-invariant, o-finite sub-g-algebras
of By and (Xo, #.'B, fio, To) (i =1,2) are ergodic. Hence by Lemma 2.3 (ii)
3 COst. PQA)=1, ¢1,¢:: Q= (0,®) s.t. Vo EQ

p(FTA) = c(w)u(A) YVAERB (i=1,2).
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But this just means that for @ € Q', T.,— T, and T, — T.. So we have shown
that T, and T, are factors of an e.m.p.t. Thus, by (2.4) and (2.13)

A(T)=oA(T) = A(T,) = A(T>) = A(T) Q.E.D.

§3. Markov shifts and recurrent events

First, we recall briefly the definition of a Markov shift (see Chung [4] and
Harris and Robbins {11]).

Let S be a countable set, the state space, and P = {p,,},.es be a stochastic
matrix [4] (sometimes called transition matrix).

If P has a stationary distribution m ={m,(P)},es (satisfying m, =0,
T.esmp,, = m, YVt €S) then we can define the (two-sided) Markov shift of P,
(P, m), as follows:

X=8"={("x_,Xe. X, ) x, €ES VnEZ}

% is the o-algebra generated by cylinder sets; ur is the o-finite measure
generated by

/»LP([xn = Sy Xns1 = Sne1 " Xpek = Sn+k])
= Mo Porsnss” " Poworcrsess VREZL KZ1, 85,5, ES

where [X, = S " *, Xari = Saui | denotes the set {x € X: x, = 85 " Xuei = Snek}-
(X, B, up, To)is an invertible m.p.t. and is known as the (two-sided) Markov shift
with transition matrix P {and stationary distribution m).

Because of

THeoreM 3.1 [11). T is ergodic iff P is irreducible recurrent.
and

THEOREM 3.2 [4]. If P is irreducible, recurrent then there is a stationary
distribution for P, unique up to multiplication by a constant.

it is evident that the measure space, upon which an ergodic Markov shift is
defined, is unique up to constant multiplication of the measure.

Let m(P) be a stationary distribution of the (irreducible, recurrent) stochastic
matrix P. Then P is called positive or null according to whether (2,esm,(P))™" is
positive or zero respectively. There are many irreducible, null recurrent stochas-
tic matrices, and their Markov shifts are i.e.m.p.t.s of infinite measure spaces.
We will show in this section that any i.e.m.p.t.,, having one as a factor, is
rationally ergodic.
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It is convenient to introduce an example at this stage. Let {f.}:- be s.t.
3.1 f.z0, Seoif. =1
Define

(3.2) f(/\)=§l AT u(d)= i U " =1—% u ={utno.

n=0

The sequence u is called a recurrent renewal sequence, as is any sequence
obtained in this way from an {f.} satisfying (3.1). Conversely, any recurrent
renewal sequence u has a unique probability distribution {f.(u)}, on N
associated with it. Kaluza, in [14], showed that if u = {u.}r_, satisfies uo=1,

weoUn =, & Uni/u, T 1 asn T o then u is a recurrent renewal sequence. This
theorem identifies many recurrent renewal sequences (see Kingman [16] for an
exposition).

Let u be a recurrent renewal sequence, define a stochastic matrix as follows:

fi(u) ifs=1
Ps: = { 1 ifs22 t=s5s-1, P, ={p.}uen (S=N).
0 otherwise

Then ([4]) pi? = u., n Z 0; and P, is irreducible recurrent, and has the stationary
distribution m(u ) given by

m(w)=3 flw) (2 1)

It is seen that P, is positive or null according to whether (E5_.nf,(u))™" is
positive or zero respectively.

We denote by T, the Markov shift with transition matrix P,, and call it the
Markov shift of the (recurrent) renewal sequence u.

We now examine the more general property of i.e.m.p.t.s, of having some
Markov shift as factor.

Let T be an e.m.p.t. and let A € & We will say that A is a recurrent event iff
Vo=n, =---=n

k k
w*( U T‘"’A) =[1 pa(T""0A)
p=1 j=1

where ny=0 and pa(B)= u(A N B)/u(B). (Compare this to the definition on
p. 307 of [5].) We denote by M(T) the collection of recurrent events for T. We
shall say that T admits recurrent events iff M(T)# .
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It follows from the renewal theorem [4] that any e.m.p.t. admitting recurrent
events is of zero-type [8].

Now, if T is some ergodic Markov shift and s € S then [x, = 5] € M(T,).
Conversely, it is not hard to prove that if A € M(T) then u(A)=
{ua(T™ A} is a renewal sequence and T — T,) We sum this up in the
following proposition.

ProposiTiON 3.3. An e.m.p.t. T admits recurrent events iff it has some Markov
shift as a factor.

Thus, we see that the M in M(T) is in honour of Markov.

TueoreM 3.4. Let T be an i.e.m.p.t. If T admits recurrent events then T is
rationally ergodic. Moreover, M(T)C B(T).

Proor. It is sufficient to show that M(T)C B(T). To thisend, let A € M(T)
and u,(A)=u, = usa(T""A). Then

n 2 n n
f (2 onT*) de=3 S LANT*ANTA)
A k=0 k=0 I=0
=235 S WANT*ANT A)
k=0 i=k

=2;L(A)k§”: En: Usc Uy

=0 I=k

n n—-k
=2u(A) 2 3w

=20(A)( 3, w) =gy am(AY

i.e. A € B(T). Q.ED.

We note that example 3.2 of [7] is equivalent to the result: ergodic one-sided
Markov shifts with transition probabilities satisfying the strong ratio limit property
are weakly rationally ergodic.

Having shown that ergodic Markov shifts are rationally ergodic, we now
calculate the asymptotic type of an ergodic Markov shift in terms of its transition
matrix.

Let T, be the ergodic Markov shift with transition matrix P and considered
with stationary distribution m(P). Let s € S, then, by Theorem 3.4, [x,=s] €
B(T»), and so
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m;, ms i=o
(3.1) for any return sequence a,(T5)
and
32) A(Tp) = { > p‘“}-

k=0

Applying (3.1) and (3.2) to (2.3) and Theorem 2.4, respectively, we obtain the
following:

THeOREM 3.5. Let T and Ty, be ergodic Markov shifts with transition matrices
P and Q respectively. Let s and t be states of P and Q, then

)

)
q:: m,(Q)

pg‘s) noe ms(P)

M:

=
Il

(3.3) Tr— To >

(\ZE

=
[

(i)
2 qw
(3.4) Tr~ To > AimS—e (0,).

E p

We note that the lemma on p. 204 of [23] means that: If w is a non-increasing
renewal sequence then

A(Tp) = A(Tg) > TeXT, and To X T, are simultaneously
(3.5) conservative or dissipative (where T, and T,
are ergodic Markov shifts).

This means that &/(-) refines the invariants of [23] when restricted to ergodic
Markov shifts. (The invariants of [23] are actually invariants for similarity.)

In [18] and [23] uncountable collections of non-isomorphic ergodic Markov
shifts were constructed. We point out that, since the shifts in these collections
can be separated by the invariants of [23], they in fact have distinct asymptotic
types.

We now show that there is a connection between the asymptotic type, and
something like the ergodic index (cf. [13]) of a transformation admitting
recurrent events.
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Let T be an i.e.m.p.t. and T, its n-fold Cartesian product. Define (as in [13])

the ergodic index of T to be:

e(T)=max{n = 1: T, is ergodic};

the index of conservativity of T to be:
c(T)=max{n = 1: T, is conservative};
and the dissipating index of T to be:
d(T)=min{n = 1: T, is dissipative}

where e(T) == (c(T), d(T)= ») means that T, is ergodic (conservative—not
dissipative) for every n = 1.
It is shown in [20] that:

e(T)=c(T)=d(T)—1if T is an aperiodic Markov shift
and that
c(T)=d(T)-1if T is an ergodic Markov shift.
It follows from this that
(3.6) c(T)=d(T)—1if T admits recurrent events.

The following shows a connection between asymptotic type and index of
conservativity:

ProrosiTioN 3.6. If T is an e.m.p.t. admitting recurrent events and a,(T) is a
return sequence for T then

l._log a,,(T)< 1

3.7 =1-
G-7) ~ logn —° ¢(T)+1

(and hence lim,_.. log a,(T)/logn = 1=> ¢(T) = ).

Proor. Let A € M(T), then it follows from Theorems 3.1 and 3.2, and (3.6)
that if ¢(T) <=,

o

(3.8) S U (AT <o,

n=0

Thus it is sufficient to prove the following: If u, =0 and 2., uf <% (where
B >1) then
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log D, u 1
3.9 '_LS R
(3.9 lim log n =1 5

By Hélder’s inequality

» 1 P 5 18 o 1 aB/{B-1n 1-1/8
—_ < —
ngl n® tn = (..Zl u,,) (.Zl (") )
(3.10) )
=M, <o Va>1—E.
Hence, Va >1-1/8 and n=1
1 & <
n—g = 2 U SM <= a>1-

l.e.

(3.11) log D, uy =logM, + alogn where M, <, Va>1-%.
k=1

From (3.11) follows

log > 1
- k=1
ll_rg log =a, Va>1—B
which is the same as (3.9). Q.ED.

Theorem 1 of [23] has the same flavour as the above proposition.

§4. Entropy and normalised asymptotic type

In this section we will combine asymptotic type and entropy to obtain a
stronger invariant for weak isomorphism of r.e.m.p.t.s with positive finite
entropy. We call this invariant “‘normalised asymptotic type’.

First we recall from [18] the definition of entropy for i.e.m.p.t.s preserving a
o-finite but not necessarily finite measure.

Let (X, B, u, T) be an i.e.m.p.t. with u(X) = . In the case u (X) < =, we will
let h(T) denote the Kolmogorov-Sinai entropy of T w.r.t. the normalised
measure (1/u(X))u (see [3]). We shall need a theorem of Abramov ([1]) which
states that: if u(X)<o® and A € B then

©(A) -
4.1) (TN = h(T).
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Now, let u(X)=x. If A,BE€ % and A C B then since

(4.2) Ta=(Ts)a

we have by (4.1)

4.3) %—%—%h(TA) = h(Ty).

Now, (4.3) combined with the fact that if A, B€ ¥ then ABCAUBE%F
yields that

4.4) 3 a constant h(T) s.t. u(AYh(Ts)= h(T) VAEZ

We call this constant h (T) (as in [18]) the entropy of T.
In case pu(X)<w

(4.5) kb (T)= w(X)h(T).

Now let T,T' be iem.p.ts, AEF and assume : TS T', then
m: Tora— T4 and so ([3)) h(T.-14)Z h(T4). Hence
(4.6) B(T)=p(m ' AYR(T,14) Z cu'(A)R(T4) = ch (T).

This tells us that the following entropy classes are preserved under weak
isomorphism: €, ={T i.em.p.t.: h(T)=0}, €. ={T i.em.p.t.: 0< h(T) <}
and €. ={T i.e.m.p.t.: b (T)=o}. (We note that the T of Example 1.2 is not in
€.)

We now recall the calculation of the entropy of an ergodic Markov shift in
terms of its transition matrix:

THeEOREM 4.1 ([18]). Let T, be an ergodic Markov shift with transition matrix
P and let 0 € S be a state, then

(4.7) b (Tp) = mo(P)ho(P),
where

1

ho(P) = E Opz.:Ps,: log B
s, S ps.l

W E

Proor. (Sketch) Let ap=2,-{[x0=0, x, =81 Xposy = Sp-y, X.=0], n 21,
$1+**Say € S —{0}}. Then ([12]) the (Ty)o-o-iterates of a, are independent and
generate B N [x,=0]. Hence h (Tp) = pr([xo = 0])h ((Tr)xe=0)) = Mmo(P)H (ao).

It is shown in [18] (by calculation) that H(a,) = ho(P). Q.E.D.



Vol. 27, 1977 MARKOV SHIFTS 111

(We note that (by 4.7) if Tris a Markov shift, then k (T;) > 0 automatically.)
If u is a recurrent renewal sequence, then Theorem 4.1 yields that

48) B(T)=H(f(u)=3 fn(ﬂ)logfn(lg)'

The following proposition gives many Markov shifts T,€ €. .

ProposiTION 4.2. If u is a recurrent renewal sequence and a, = Zi; -, uy then
Zial/na,. <o T, €€..

Proor. It is sufficient to show that H(f(u)) <.
Step 1.

(4.9) 21 (log n)f, <= = H(f) <.

Proof of Step 1. Let A ={nz=1:f, =1/(n+1)} then if n € A, since the
function x log(1/x) is increasing on (0,3)

1 _2log(n+1
(4.10) fa logﬁ-= (n + 17
If n & A, then
4.11) fa logf = 2(log(n + 1))f..

Using (4.10) and (4.11) we see that

H()=3 filogz+ 3 filogy

A

2 2loa(n 1) | S Hlog(n + 1))~ o <=

+
" (n+1) =

n

and Step 1 is taken.
Step 2.

i(logn)f,.<°° i iizi ¢ < where ¢, = i f.
n=1 n= k=0

Proof of Step 2.

iff 25-,c./n < and
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DFEDFIOREMES

n=1 n=

IIMI
:IH

iff Z5_,(logn)f. <.
It is now sufficient to show that

i%ick<w iff i 1<00.
= k=0

3
i
=
8
3

To do this, we show

n

(4.12) (n+D=D wy a=2n+1).
k=0 =0
Now, since Z; oA  Zgcd' = 1/(1-A)VA €(0,1), we have
(4.13) > we=1 nz0.
k=0

Hence

(n+1)= 3 3 thens = 2 th 2, ot =2 u 2
=0 m= =0

m= =0

x

2 =( +1)+2ukz ¢

=0 I=n—k

A
] M:

n k
=(n+1)+ ukz Crn-m
k

=0 m=0

Stn+ D)+ (k+Dwca s " ¢ y asn 1
k=0 *

<(n+1)+(n+1)2 o =2(n+1) by (4.13).

k=0

Q.E.D.

It also follows from Proposition 4.2 that if T (an i.e.m.p.t.) admits recurrent
events and 2., 1/na.(T) < then

(i) T is quasi-finite (in the sense of [18]), and

(it) the entropy of the first return time partition of every recurrent event of T is
finite. (See [17} for a related result.)

We will now construct the advertised invariant for weak isomorphism of
re.m.p.tsin &,.

Let Tbearem.p.t. T € €,,if {a.(T)}is a return sequence of T then we let
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(4.14) d.(T) = k (T)a.(T)

and call the sequence {4.(T)} (and any sequence asymptotically equal to it) a
normalised return sequence of T.

We denote by #(T) the collection {{a.} a sequence: a./d.(T)—1as n—>x
for a normalised return sequence of T} (i.e. #(T) denotes the collection of
normalised return sequences of T). We call #(T) the normalised asymptotic type
of T, and prepare to abuse our notation in the following way:

we say that T is of normalised asymptotic type {f(n)}if f(n)/d.(T)— 1 for any
normalised return sequence of T{4d,(T)}, and we write this: #(T) = {f(h)}.

Now, among transformations preserving finite measures normalised asympto-
tic type boils down to Kolmogorov-Sinai entropy, since

(4.15) p(X)<eo > H(T)={h(T)n}.

(To see this, note that a.(X, T)/u(X)* is a return sequence, and hence
any d.(T)~ b (T)- a.(X, T)/u(X) = p(X)h(T) - u(X)n/u(X) = h(T)n  as
n— o)

We now show that the normalised asymptotic types of weakly isomorphic
rem.p.ts in €, coincide.

THEOREM 4.8. LetTand T' berem.ptsst. T, T' €&, thenT=T'(i.e. Tis
weakly isomorphic with T') > ¥(T')= ¥#(T).

Proor. From (2.5), we have that (since T = T' are r.e.m.p.t.s) Ic € (0, %) s.t.
T—5 T and T'—25 T. Hence an application of (2.3) gives

a.(T)
(4.16) a,.(T)_)C as n—®

and a double application of (4.6) shows that
(4.17) h(T)=ch(T).

Combining (4.16) and (4.17) it is evident that 4,(T')/d,(T)—1 as n >, ie.
H(TYy=H(T"). Q.E.D.
We note that it follows from the above proof that

T~T(T,T remptsin€.)> T T’

(4.18)
h(TYA(T)

and T'"—— T.
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Now let T; be an ergodic Markov shift in €. with transition matrix P, and let
s € S be a state. Then, by (4.7) and (3.1),

(4.19) H(Tp) = {h,(P) kZo pﬁi’} .

In particular, if u is a recurrent renewal sequencess.t. T, € ¥&,, then, by (4.8),

4.20) (1) ={HGw) 3, w}.

We now construct uncountably many Markov shifts {T,}oca<i with the
asymptotic type but distinct normalised asymptotic types.

Let u, = 1/Vn +1, then u = {u.};_, is a recurrent renewal sequence, and (by
Proposition 4.2) T, € &,.

For a €(0,3), let f(a)=a and f.(a)=(1- a)f.-i(u) (n =2). Denote by
u (a) = {u.(a)}"-o the renewal sequence associated with {f,(a)} and let

%

U(A)= 2 u(@)A"  0<A <1, and T,=T, .

Now

(4.21) H(f(a))=n(a)+ (1~ a)H(f)
where n(a)=alog(l/a)+ (1- a)log(l/(1 - a)). Also
(4.22) %=(1—A)u(A)+A(1—a)

—(1—-a)as A 1 17. Hence (using Karamata’s theorem [15], [6])
2 uk(a) 1
(4.23) — g
>
=1

k

as hn—>x,

Substituting (4.21) and (4.23) into (4.20)
(4.24) H(T) = {((M) ¥ H(f(u ))) kzo uk} - {2 (é’{% 4 H(f))\/n}

1-a
and we see that
4.25) A(T)={Vn} Va€(0}).

Thus, from (4.24), it follows that
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(4.26) H(T,) = #(Ty) & I’I{Eal - lﬂ%l Sa=p

-.* n(a)/(1 - a) increases strictly on (0,3). So {T.} all have the same asymptotic
type, but distinct normalised asymptotic types, hence no two distinct T, and T,
can be weakly isomorphic.

§5. Random walks on Z

Let

5.1 f={f):--best. f,.z0Vn€Zand > f. =1.
Define the stochastic matrix p,.(f) = fi—; Vs, t € Z. Clearly m, = 1 Vs € Z defines
a stationary distribution for P(f).

We denote by T, the Markov shift of the matrix P(f) w.r.t. this stationary
distribution and call it the random walk with jump distribution f.

If f satisfies (5.1) and 2;__.| n|f, < o then (by Theorem 3.1 and [24] p. 33)

(5.2) T; is ergodic iff >, nf.=0 and g.c.d{n: f,>0}=1.

Let T; be an ergodic random walk. An inspection of (4.7) shows that
h (T) =, and so §4 does not apply to random walks.

Let

oo

o)=(S wi)  ad =3 fem

n=—a =-:

We shall begin by considering ergodic random walks with finite jump variance
(i.e. f satisfies (5.2) and o (f) <x).

THEOREM 5.1.  Let f satisfy o(f) < and (5.2), then

(53) S ey [0
20 poo(f) 7 o(f) as n—ox,
Proor. If P(f) is aperiodic, then, by Spitzer’s theorem ([24], p. 75),
1
5.4 bf)y~—=—— a8 n-owx
(5.4) poo(f) Vamna(f)

If P(f) has period d > 1 then p§J(f) =0 when d * k and it can be shown from
(5.4) that



116 J. AARONSON Israel J. Math.

(5.5) D) ~ \/hk 5w ke

From (5.5) follows (5.3). Q.ED.
Now assume that f and f’ satisfy (5.2) and that o (f), o(f) < . If T,— T, then

(k)
= im a(T)——l ZPU‘)(f) (f) b

lim lim - (5.3)
a. (7}) Z (k)(f) (f)

a(fya(f)
T—>T > T1——T;

(5.6)
and T,+>T, for c%ﬂﬂ,.
h !'71—) f f O‘(f)
We also see that

6.7 a(f)<= > A(T)={Vn}.

We now prove the converse to (5.7).
The following two lemmas slightly sharpen §6 on p. 72 of [24] (when d = 1).

Lemma 52. Letf. 20,2, _.f.=1and f.=f.Vn€ELZ,

gedfn:f,>0}=1,

U(f)=°°:>\/np<(f.'o)(f)—>0 as n-—o.

Proor. Let a(t) = (1— ¢(¢))/t’ (a real valued function). The following (easy)
facts are proved in Spitzer ([24]):

O p0= [ owrd,
(i) 'E}pf ]a(t) =a,>0.
We note that also:

COS nt

(iii) hma(t)—hm 2 f

1—0 n=-x

o= fn

z f.lim =31 by Fatou’s lemma

n=-x t»()

=1a(f=>.
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Now, by (i)

7V np§i(f) = \/nf" (1~ t2a(t))"dt
= fm X 0. (t) (1 - ga(vt;» i (changing variables)

éf X(o,w\r")([)e—a(:/\/,.),zdt—)O
“ n o0

—

by dominated convergence since
)((o.w\/n)(t)e_ﬂ('/\/")'2 Se g LI(R+)
by (ii) and

Xomsn(t)e 2V —— 50 VrER,. Q.E.D.

Lemma 53. Let f, 20, 25. -f. =1, gcd. {n: £, >0} =1, then
a(f)=»=> Vnpi(f)=0 as n—oe.

Proor. No generality is lost in assuming P(f) to be aperiodic.
Let g. = 25—« fufn-n then g = {g.}7-_- satisfies the conditions of Lemma 5.2
and o(g)= . Thus

(5.8) Vnpsid(g)—>0 as n—o .

Also

fmfm_"enm: 2 2 fme""'fm_"eﬂ(m—n):
= n=-—x m=—x

I

D g™ = 2

n=—c —

G =|o()].

SoVkeEZ n=1

610 0= serear = [ 1800 5n = pide)

Thus by (5.10) and (5.8)
(5.11) Vnp&(f)—0 uniformlyin k EZ as n— .

Now let e >0 and N s.t. Vn= N
Vnp&i(f)<e VkEZ
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then, if n = N,

Vnpfs(f)=Vn 2 pfP()f-c =e.

kez
Hence V np§3(f)— 0 as n — . Q.E.D.

THEOREM 5.4. Let T; and Ty be ergodic random walks with jump distributions
f and f' respectively.
If A(T)) = A(T;) then a(f) and o(f') are finite or infinite simultaneously.

Proor. By (5.7), it is sufficient to show that if o(f) = « then V np§3(f)— 0 as
n — «_ But this is exactly Lemma 5.3. Q.E.D.

The above theorem is the converse to (5.7) (i.e. H(T)={Vn}=> o(f)<»)
and means that the only ergodic random walks similar to an ergodic random
walk with jump distribution of finite variance can be other random walks with
jump distribution of finite variance i.e. o(f) <o, T;~T, > o(f) <.

There is no analogue to (5.7) when o (f) = <. To illustrate this, we construct an
uncountable collection of ergodic random walks, with distinct asymptotic types,
and hence pairwise dissimilar.

For a €(1,2) let

f,‘(a)= where A(a)=§m
0 n=0.

Then Va: {f.(a)}.ez satisfies (5.2).
Let T, denote the (ergodic) random walk with jump distribution {f,(a)}.. We
calculate %/ (T,). Let

o

¢,,(t)=n2mf,‘(a)e"“— (l+a)z H,,cosnt

We begin by investigating the behaviour of ¢.(t) near 0.
Lemma 5.5 ([2], p. 141 ff.) Va €(1,2) 3K, € (0,x) s.t.
(5.12) 1-¢d.(t)~ K, |t|* as t]0.

Proor. Recall that

1 1 A -
n1+a ——F(1+(I)J:) y [4 dy Vn:l.



Vol. 27, 1977 MARKOYV SHIFTS 119

Now, since

—cosnt
l+ta
n

’

1 - 1
1- d)a(t)_ §(1+ a)gl
it is sufficient to show that
(5.13) va(t)= D, (1-—cosnt)f yee ™dy ~K.[t]" as t]0.
n=0 0

Exchanging integral and summation signs and summing we see that

(5.14) ba(t)= (1) f " H(y)dy
where H/(y)=y%e”(1+e”)(1-e”)((1-e?Y+2e77d(t)) and d(t)=

1-cost.
We note that H,(y) 1 Ho(t) as t =0 and that

(5.15) Ve >0 f Hy(y)dy = x, f H(y)dy <.

From (5.15) it follows that if G,(y) ~ H,(y) uniformly in ¢t >0 as y — 0 then

(5.16) f G.(y)dy ~f H.(y)dy as t—0.

0 0
Now H,(x)~ y='/(y*+2d(t)) uniformly in ¢ as y =0 and so, by (5.14) and
(5.16),

wl,(t)~d(t)L ;225_2—;% as 10

© a—1
= (d(t))“’zf xx2+t;x changing variables
Q

~ K, |t]" as t—0
since 0 < [3x*7'/(x* +2) dx = 27K, << and d(1)~ 1’2 as 1 0. QE.D.
THEOREM 5.6. Va € (1,2), 4(T,)={n"""}.

Proor. We prove that pi(a)~ Kn™"" as n — o,

Let ¢ >0, by Lemma 5.5 35 >0 s.t.
5.17) 1-(1+e)K [t = d()=S1-(1-e)K. 1] vit|= 6.

Now, arguing as in the proof of Spitzer’s theorem ([24], p. 75)
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(5.18) i) = ne j " 6o (1) dt 4 n J' " b (1)t

Now

(5.19) n'/ﬂf" ¢a(t)"dt§(7r—6)n“(supd>a(t)>"———>0.
) ltlz8 n—®

So, by (5.17),

&
limn ”“f (1-(1+ &)K. |t]*)"dt = lim 7n"*p§(a) = lim 7n "*p §(a)
0 e n—sx

n—x

(5.20)

]

éﬁn—m”"f (1-(1-¢e)K,|t]*)de
n-—+x 0
Now, by a change of variables, it follows that V¢ >0

woe[a-cleya= | (1- <) o — [ erar=Fe)

by the dominated convergence theorem. F(c) is a continuous function of c.
Combining this fact with (5.20):

wnl’apf)'.'()’(a)—-)j e X"dr as now Q.E.D.
0

§6. Other ratio limit properties of e.m.p.t.s
In this section, the ratio limit properties of e.m.p.t.s are investigated further.

THEOREM 6.1. Let (X, B, u, T) be an e.m.p.t. with (X, B, u) separable. Then
VA € F 3 an algebra of subsets of A, aa, u-densein BN A ={BERB, BCA}
s.t.

—3 ) (B (C)
a"(A)IZﬂ)#(BnT C)_) “(A)Z VB, CE€ a..

Proor. (Compare this proof to the proof of Theorem 1.4.)

Let A € % In [11] and [19], it is proven that there is a measurable, compact,
separable, completely disconnected topology on A, i -dense in B M A, such that
Ta: A — A is a uniquely ergodic homeomorphism with unique invariant proba-
bility ua. Let a. be the algebra of clopen subsets of A —it is clearly u-dense in
A. Let ¢, =(1/a.(A)Zioxa° T* and P,(B)= [sd.du: then {P}i., C C(A)*
and||P,]|= 1 Vn. Since A is compact and separable, every subsequence of {P.}r-,
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has a weak * convergent subsequence. By Lemma 1.3, all the weak * limits of
these subsequences are T,-invariant, and hence, by unique ergodicity and the
fact that P,(A) = 1Vn, equal to pa. In other words every subsequence of { P} has
a subsequence converging weak * to ua —1i.€. P,——=—> pa weak *. In particular

) u(B)
an(n)z p(BNTH *A)—— (A VBEa,

and by symmetry (since a.(A, T)= a.(A, T™")

: K ©(B)
2, mANnT B——La) VBEan

Now choose C € a, and let ¢, = (1/a,(A))Zr_1 xc° T* and Q.(B) = [ du.
Then {Q,} C C(A):, | Q.| =P =1Vn, and Q.(A)—> p(C)/n(A). An identi-
cal argument will show that Q, —=p u(C)/u(A) pa weak * Q.ED.

In a similar manner to the proof of (i) = (ii) of Proposition 1.1, a4 can be
extended to a collection €4, p-dense in %, thus showing (1.4). Note that we have
shown that (1.4) holds with a collection €, which can be chosen to include any
A € . Theorem 6.2 shows that the collections {€4}aes in fact form a very large
non-homogeneous class when u(X)= .

Theorem 6.2 also shows that in spite of Theorem 6.1, it is never true that
R(T)= % when u(X)= .

The existence of a similar result is mentioned in [7] (remark 4, p. 64). A
stacking construction privately communicated by Krengel helped in the compos-
ition of Theorem 6.2.

THEOREM 6.2. Let (X, B, u, T) be an e.m.p.t. with p(X) = ». Then
VAE¥ 3BEF st a.(B)a.,(A)—> as n—ox,
To prove this theorem, a technical lemma is needed.

LemMa 6.3. Let b, c, >0, Vn, be numbers s.t. b,—> >, ¢, =Zc,.x—0 and
Snoica =, then e, }aoy 5.t (i) €. Z €nsr, (i) 0= £, = ¢, (ill) 2716, < and
(iv) b, 2i_.ex >0 as n > o,

Proor. There is no loss of generality involved in assuming that b, = b,., Vn
(for if not, work with b%=infiz, {b}=b%. = b.yy Vn). Choose {m}. s.t.
S < and Z,1/Vb,, <.

Cramm. A m}i_, {ea}n-1 such that ng = m <mi VK, 0= €01 = 6, = €, U,
_ my, ., —
and b2 =320 . e, =b,)2 + ¢, Yk Z2.
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Proor oF CLaM. The kth inductive step is given.

Assume my, - m. and €4, - - - £,, have been chosen satisfying the conditions
of the claim for 2=!=k —1. We show how to choose m,., and extend the
sequence to &, Em, .,

Choose M > my, ne., s.t. § = b.)2/(M - m,)=¢,, and for n > m, let

8 if 6§=c.
5, =
¢, else.

Let my., = min{n > m: Z;_. .. = b7} It follows that m,,, = M (-. =6

Vn) and that M <o (-.* Z,¢, = ®),
Let €, =6, for mi<n=m,,, then 0=¢,,, =€, = ¢, and

My

12 < B-12
b"k 1= sl=b"k~l+c"‘k+l'
J=me+l

Thus the claim is established by induction.
The sequence {&,}.-, constructed has already been shown to satisfy (i) and (ii).
It remains to prove (iii) and (iv).

) o My vy

(i) > e=3 X 653 Gitom)<x

n=my+1 k=2 j=m+1

(iv) Let k; be s.t. -, = [ < n,, then

o« My
262 2 £zbl . zb"" Q.E.D.
1=

J=micel

ProoF oF THEOREM 6.2. Choose A € %, and for n =1 let

n-1 ® n
A.=ANT"A-UT*A, B.= U A=A-U T*A
k=1 k=n+1 k=1

D.=TB.=T'A- | T*A, b, = and ¢, = u(B,) = u(D,).
k=0

n
a,(A)
It follows that b, >, ¢, | 0 and Z;_,c, =. Let {,}z-, be a sequence of
Lemma 6.3 appropriate to {b,}, and {c.}.. Define {k,}-, by ¢, = &, < ci,-1, then
n=k,=kn..

Using the non-atomicity of (X, %, u), one can find F,CA,, s.t. u(F)=
€ — Ci,. Let E, = U7, ., A UF, Then B,DQE, D E.., and u(E,)= ¢, Vn.

Let B= Uz, T"E,. Thisis a disjoint union since T"E, C D, and {D,}, are
disjoint, so u(B)= 2, _ e, <. Now

BNTB=BnN U T*"E, D U T"E,.

n=k+1

Hence
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=b,D & —>® as n—x. Q.E.D.
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